The phase diagrams and phase transitions of a typical bilayer fractional quantum Hall (QH) system with filling factor ν = 2/3 at the layer balanced point are investigated theoretically by finite size exact-diagonalization calculations and an exactly solvable model. We find some basic features essentially different from the bilayer integer QH systems at ν = 2, reflecting the special characteristics of the fractional QH systems. The degeneracy of the ground states occurs depending on the difference between intralayer and interlayer Coulomb energies, when interlayer tunneling energy (Δ SAS ) gets close to zero. The continuous transitions of the finite size systems between the spin-polarized and spin-unpolarized phases are determined by the competition between the Zeeman energy (Δ Z ) and the electron Coulomb energy, and are almost not affected by Δ SAS .
Introduction
Quantum Hall (QH) effect [1] [2] [3] [4] [5] , which rivals superconductivity in its fundamental significance, has attracted a great deal of experimental and theoretical interest since its discovering. Especially, fractional QH (FQH) systems exhibit a variety of many body quantum phenomena, due to the complete domination of the electron Coulomb interactions. In a more complicated case, the bilayer QH systems with both spin and layer (pseudospin) degrees of freedom, four sub energy levels are formed in the lowest Landau level (LLL), and the (IQH) systems based on Hartree-Fock analysis [8] [9] [10] [11] [12] [13] , effective bosonic spin theory [14] [15] , exact-diagonalization calculations [16] as well as effective quantum field theory, and have identified three phases, the ferromagnetic (FM), the symmetric (SYM) and the canted antiferromagnetic (CAF) phases in the ground states. On the other hand, the ν = 2/3 bilayer QH system is a typical bilayer FQH system of this type, and can be regard as a best example of strongly correlated two-dimensional electron system for investigating the interplay of those entangled energy factors indicated above. However, even the basic problems, the ground states and the basic phase diagram of the ν = 2/3 system are still leaved uninvestigated from the theoretical viewpoint. Because of the existence of the degeneracy in the ground state as indicated below, in many cases, the ν = 2/3 bilayer QH system cannot simply be mapped to the ν = 2 bilayer QH system based on the composite-fermion picture, and must be investigated directly by the microscopic theories and the numerical calculations.
Motivated by the present situation mentioned above, as the first step, in this paper, we employ the numerical and traditional analytic methods to investigate the finite size bilayer FQH systems. We report on some basic features of the ground states in theν = 2/3 bilayer QH systems at the layer balanced point (Δ bias = 0) and provide evidential quantitative results from exact-diagonalization (ED) [16] [17] [18] [19] [20] numerical calculations and analytic approaches carried out at ν = 2/3. These features are essentially different from those in the ν = 2 systems, and reflect the special characteristics of the bilayer FQH systems. 1) At ν = 2/3, because the number of electrons is less than that of Landau sites in one sub energy level, in the small Δ SAS limit, the degeneracy of the ground states occurs depending on the relative strength of the intralayer and interlayer Coulomb energies. Contrarily, at ν = 2, because two sub energy levels in the LLL are filled by electrons, the ground states are non-degenerate even if Δ SAS vanishes. 2) At least, the spin-polarize (SP) and spin-unpolarized (SU) phases exist in the ν = 2/3 bilayer QH systems. The phase transitions between them are continuous in the finite size systems, and are determined by the competition between Δ Z and Coulomb energy Δ C , not that between Δ Z and Δ SAS , as in the ν = 2 systems. The experimental results so far seem to support the conclusions above. [18] . Let the common factor of N e and MbeC. Then, the H matrix can be divided into independent M × C blocks with different combination of (J x , J y ),
correspondingly, and its di-Journal of Applied Mathematics and Physics
mension is reduced to about 1/MC. The wave vector in the system is defined by [19] . Since the z-component of the total spin (S z ) is conserved in the system, each block above can be divided further into N e + 1 independent blocks keeping S z from −N e /2 to N e /2, respectively.
In the ED calculations, we compute the matrix elements of these blocks and diagonalize them numerically. The aspect ratio a/b is fixed at 1.0. In this study, a finite size ν = 2/3 bilayer QH systems containing four electrons is chosen to execute the ED calculations. Henceforth, in the numerical results, the length and energy units are selected by l B and Coulomb energy scale 
Numerical Results and Discussion
The low-lying energy spectra of the ν = 2/3 bilayer QH system with the fixed d = We introduce the most important basis states (MIBSs) of the ground state to investigate the properties of them. We find that two degenerate ground states in 
Analytic Investigation Using an Exactly Solvable Model
The degeneracy of the ground states when Δ SAS is small can be investigated ana- 
The five exact eigenvalues (E 
For sufficiently small Δ SAS , since coefficients b 1 − b 3 are all close to zero, the two degenerate ground states with energies E 1 and E 2 are symmetric and antisymmetric states, as argued previously.
Conclusion
In summary, we have studied a typical bilayer FQH system with finite size using the numerical and analytic methods and provided evidential quantitative results.
We have found some basic features of the ground states at the layer balanced point in the ν = 2/3 bilayer QH systems taking advantage of the ED calculations and the analysis of an exactly solvable two-electron system. When Δ SAS is small, the degeneracy of the ground states occurs depending on the relative strength of the intralayer and interlayer Coulomb energies. SP-SU phase transitions are continuous in the finite size systems, and are determined by the competition between Δ Z and Coulomb energy Δ C , almost not affected by Δ SAS . These features exhibit the essential difference between the ν = 2/3 bilayer FQH systems and the ν = 2 bilayer IQH systems, and the peculiar characteristics generally existing in most bilayer FQH systems. The ED numerical method and the exact-solution method employed in this paper also can be considered to be valuable in studies of other bilayer FQH systems.
